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Abstract
Let E be a reflexive Banach space with a uniformly Gâteaux differentiable norm and S
be a mapping of the form
S = α0I + α1T1 + α2T2 + · · · + αkTk,
where αi  0, α0 > 0,
∑k
i=0 αi = 1 and Ti :E → E (i = 1,2, . . . , k) is a nonexpansive
mapping. For an arbitrary x0 ∈ E, let {xn} be a sequence in E defined by an iteration
xn+1 = Sxn , n= 0,1,2, . . . . We establish a dual weak almost convergence result of {xn} in
a reflexive Banach space with a uniformly Gâteaux differentiable norm. As a consequence
of the result, a weak convergence result of {xn} is also given.
 2002 Elsevier Science (USA). All rights reserved.
Keywords: Banach limit; Fixed point; Nonexpansive mapping; Dual weak almost convergence; Weak
convergence
1. Introduction
Let E be a Banach space andC be a convex subset ofE. A mapping T :C→ C
is said to be nonexpansive if
‖T x − Ty‖ ‖x − y‖
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for all x, y in C. In [5], Kirk studied the iterative process given by
xn+1 = α0xn + α1T xn + α2T 2xn + · · · + αkT kxn,
where αi  0, α0 > 0 and
∑k
i=1 αi = 1, and investigated an iterative process for
approximating fixed points of nonexpansive mapping on convex subset of uni-
formly convex Banach space. Maiti and Saha [8] extended the result of Kirk [5].
Let Ti :C→C (i = 1,2, . . .) be nonexpansive mappings and let
S = α0 + α1T1 + α2T2 + · · · + αkTk,
where αi  0, α0 > 0, and
∑k
i=0 αi = 1.
Recently, Liu et al. [6] introduced a new iteration process
xn+1 = Sxn, (1)
where x0 ∈ C, and showed that {xn} converges to a common fixed point of Ti
(i = 1,2, . . . , k) in a Banach space with a certain property, say, condition A. The
result improved the corresponding result of Kirk [5], Maiti and Saha [8], Senter
and Doston [11].
The purpose of this paper is to present some results concerning the convergence
of the iteration (1) in Banach spaces. First, we establish a dual weak almost
convergence for the iteration (1) in a reflexive Banach space with a uniformly
Gâteaux differentiable norm, and then apply the result to obtain a weak con-
vergence result of this iteration in the same Banach space. We wish to point out
that E is not assumed to be uniformly convex, and that our results also apply to
all Lp spaces (1<p <∞).
2. Preliminaries and lemmas
Let (E,‖ · ‖) be a real Banach space and let I denote the identity operator.
Recall that a Banach space E is said to be smooth provided the limit
lim
t→0
‖x + ty‖− ‖x‖
t
(2)
exists for each x, y in its unit sphere S(E)= {x ∈ E: ‖x‖ = 1}. In this case, the
norm of E is said to be Gâteaux differentiable. It is said to be uniformly Gâteaux
differentiable if for each y ∈ S(E), this limit is attained uniformly for x ∈ S(E).
The norm is said to be Fréchet differentiable if for each x ∈ S(E), this limit is
attained uniformly for y ∈ S(E). Finally, the norm is said to be uniformly Fréchet
differentiable if the limit (2) is attained uniformly for [x, y] ∈ S(E)×S(E). In this
case,E is said to be uniformly smooth. Since the dualE∗ ofE is uniformly convex
if and only if the norm of E is uniformly Fréchet differentiable, every Banach
space with a uniformly convex dual is reflexive and has a uniformly Gâteaux
differentiable norm. The converse implication is false (cf. [10]). A discussion of
these and related concepts may be found in [2].
J.S. Jung / J. Math. Anal. Appl. 273 (2002) 153–159 155
The duality mapping J from E into the family of nonempty (by Hahn–Banach
theorem) weak-star compact subsets of its dual E∗ is defined by
J (x)= {f ∈E∗: (x, f )= ‖x‖2 = ‖f ‖2}.
It is single-valued if and only if E is smooth. Suppose that E is smooth. Then
the duality mapping J is said to be weakly sequentially continuous at 0 if xn ⇀ 0
in E implies that {J (xn)} converges weak-star to 0 in E∗, where ⇀ denotes the
weak convergence.
Let µ be a mean on positive integers N, that is, a continuous linear functional
on ∞ satisfying ‖µ‖ = 1 = µ(1). Then we know that µ is a mean on N if and
only if
inf{an: n ∈N} µ(a) sup{an: n ∈N}
for every a = (a1, a2, . . .) ∈ ∞. We will sometimes write µn(an) in place of
µ(a). A mean µ on N is called a Banach limit if
µn(an)= µn(an+1)
for every a = (a1, a2, . . .) ∈ ∞. Using the Hahn–Banach theorem, we can prove
the existence of a Banach limit. We know that if µ is a Banach limit, then
lim inf
n→∞ an  µn(an) lim supn→∞
an
for every a = (a1, a2, . . .) ∈ ∞. Let {xn} be a bounded sequence in E. Then we
can define the real valued continuous convex function φ on E by
φ(z)= µn‖xn − z‖2
for each z ∈E. The following lemma was proved in [4] (cf. [10]).
Lemma 1. Let E be a Banach space with a uniformly Gâteaux differentiable
norm, and {xn} be a bounded sequence in E. Let µ be a Banach limit and u ∈E.
Then
µn‖xn − u‖2 = inf
x∈Eµn‖xn − x‖
2
if and only if
µn
(
z, J (xn− u)
)= 0
for all z ∈E, where J is the duality mapping E into E∗.
Let C be a nonempty closed convex subset of E. Then C is said to have the
fixed point property for nonexpansive self-mappings if for every nonexpansive
mapping T :C→ C, there is a point p ∈ C such that T (p)= p. It is known that
every bounded closed convex subset of a uniformly smooth Banach space has the
fixed point property for nonexpansive self-mappings (cf. [3, p. 45]).
In the sequel, we need the following lemma for the proof of our main results.
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Lemma 2 [6]. Let C be a subset of a normed space E and Tn :C → C be
a nonexpansive mapping for all n = 1,2, . . . , k. If, for an arbitrary x0 ∈ C,
a sequence {xn} in E is defined by the iteration (1), then
‖xn+1 − p‖ ‖xn − p‖, (3)
for all n  1 and p ∈ F(T ), where F(T ) denotes the common fixed point set of
Ti (i = 1,2, . . . , k).
The following is essentially Theorem 2.3 in [6]. So we omit its proof.
Lemma 3. Let C be a nonempty closed convex subset of a Banach space E and
Ti :C → C (i = 1,2, . . . , k) be nonexpansive mappings. Let {xn} be a sequence
in E defined by the iteration (1) for an arbitrary x0 ∈ C. If {xn} is bounded, then
‖xn − Sxn‖→ 0 as n→∞.
Finally, we recall the following definition: a sequence {an} ∈ ∞ is said to
be almost convergent if all Banach limits agree (Lorentz’s characterization is
that limn→∞(
∑n
i=1 ai+k)/n exists uniformly in k  0 [7]). We also say that a
sequence {xn} in a Banach space E is weakly almost convergent to z ∈ E if the
weak limn→∞(
∑n
i=1 xi+k)/n= z uniformly in k  0.
3. Main results
Now, we give a dual weak almost convergence theorem for iteration (1).
Theorem 1. Let E be a reflexive Banach space with uniformly Gâteaux dif-
ferentiable norm. Assume that every weakly compact convex subset of E has
the fixed point property for nonexpansive self-mappings. Let Ti :E → E (i = 1,
2, . . . , k) be nonexpansive mappings and let {xn} be a sequence in E defined by
the iteration (1) for an arbitrary x0 ∈E. If F(T ) is nonempty, then there exists a
point v in F(T ) such that {J (xn − v)} is weakly almost convergent to 0.
Proof. Let p ∈ F(T ). Then ‖xn−p‖ ‖x0−p‖ for all n by (3) in Lemma 2 and
hence {xn} is bounded. Let µ be a Banach limit and define a real valued function
φ on E by
φ(z)= µn‖xn − z‖2
for each z ∈E. Since φ is a continuous convex function, φ(z)→∞ as ‖z‖→∞
and E is reflexive, φ attains its infimum over E (cf. [1, p. 12]). Let
K = {u ∈E: φ(u)= inf{φ(z): z ∈E}}.
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Then it is easy to verify that K is nonempty, bounded, closed, and convex subset
of E. Furthermore, K is invariant under S. In fact, we have for each u ∈K
φ(Su)= µn‖xn − Su‖2 = µn‖Sxn − Su‖2  µn‖xn − u‖2 = φ(u).
So, by the hypothesis, there exists a fixed point v of S in K , that is, v ∈ F(T ).
On the other hand, since {‖xn − w‖} converges in R for any w ∈ F(T ), φ is
independent of the particular µ chosen. Thus we may assume that v minimizes φ
for any µ. It follows from Lemma 1 that
µn
(
z, J (xn− v)
)= 0
for all z ∈ E and any µ. Thus {(z, J (xn − v))} is almost convergent to 0 for all
z ∈E. In other words, {J (xn− v)} is weakly almost convergent to 0. ✷
Corollary 1. Let E be a uniformly smooth Banach space. Let Ti :E → E (i =
1,2, . . . , k) be nonexpansive mappings and {xn} be a sequence in E defined by
the iteration (1) for an arbitrary x0 ∈E. If F(T ) is nonempty, then there exists a
point v in F(T ) such that {J (xn− v)} is weakly almost convergent to 0.
Applying Theorem 1, we obtain a weak convergence result.
Theorem 2. Let E be a reflexive Banach space with a uniformly Gâteaux dif-
ferentiable norm. Assume that every weakly compact convex subset of E has
the fixed point property for nonexpansive self-mappings. Let Ti :E → E (i =
1,2, . . . , k) be nonexpansive mappings and {xn} be a sequence in E defined by
the iteration (1) for an arbitrary x0 ∈ E. Suppose that J−1 :E∗ → E is weakly
sequentially continuous at 0. If F(T ) is nonempty, then there exists a point
v ∈ F(T ) such that {xn} converges weakly to v.
Proof. By Theorem 1, there exists a point v ∈ F(T ) such that {J (xn − v)} is
weakly almost convergent to 0. Since E has a uniformly Gâteaux differentiable
norm, the duality mapping is uniformly continuous on bounded subset of E
from the strong topology of E to the weak-star topology of E∗. Thus, since
{xn} is bounded and xn − xn+1 → 0 as n → ∞ by Lemma 3, {J (xn − v) −
J (xn+1 − v)} converges weakly to 0. But this is a Tauberian condition for
almost convergence, so {J (xn − v)} converges weakly to 0. Since J−1 is weakly
sequentially continuous at 0, {xn} converges weakly to v. ✷
Corollary 2. Let E be a uniformly smooth Banach space. Let Ti :E → E (i =
1,2, . . . , k) be nonexpansive mappings and {xn} be a sequence in E defined by
the iteration (1) for an arbitrary x0 ∈ E. Suppose that J−1 :E∗ → E is weakly
sequentially continuous at 0. If F(T ) is nonempty, then there exists a point
v ∈ F(T ) such that {xn} converges weakly to v.
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Remark 1. For a weakly compact and convex subset C of E and nonexpansive
mapping Ti :E→E (i = 1,2, . . . , k), the weak convergence of {xn} in Theorem 2
in a Banach space satisfying Opial’s condition [9] was obtained by Liu et al. [6].
We should mention that Theorem 2 is independent of Theorem 2.4 in [6].
Next we substitute the fixed point property assumption, mentioned in Theo-
rems 1 and 2, by assuming that the space E is strictly convex.
Theorem 3. Let E be a reflexive and strictly convex Banach space with uniformly
Gâteaux differentiable norm. Let Ti :E → E (i = 1,2, . . . , k) be nonexpansive
mappings and {xn} be a sequence in E defined by the iteration (1) for an arbitrary
x0 ∈ E. If F(T ) is nonempty, then there exists a point v in F(T ) such that
{J (xn− v)} is weakly almost convergent to 0.
Proof. Let p ∈ F(T ). Then ‖xn − p‖  ‖x0 − p‖ for all n by (3) in Lemma 2
and hence {xn} is bounded. As in the proof of Theorem 1, let µ be a Banach limit
and define a real valued function φ on E by
φ(z)= µn‖xn − z‖2
for each z ∈E. Since φ is a continuous convex function, φ(z)→∞ as ‖z‖→∞
and E is reflexive, φ attains its infimum over E (cf. [1, p. 89]). Let
K = {u ∈E: φ(u)= inf{φ(z): z ∈E}}.
Then it is easy to verify that K is nonempty, bounded, closed, and convex subset
of E, which is also is invariant under S. To be able to use the argument of the
proof of Theorem 1, we just need to show that K contains a fixed point v of S,
that is, v ∈ F(T ). To see this, let w ∈ F(T ) and define
K ′ = {u ∈K: ‖u−w‖ = d(w,K)},
where d(w,K) denote the distance of K from a point w. Then, since E is strictly
convex, K ′ is a singleton. Let K ′ = {v}. Then we have
‖Sv −w‖ = ‖Sv − Sw‖ ‖v −w‖;
so Sv = v, that is, v ∈ F(T ). We now follow the proof of Theorem 1. ✷
As an immediate consequence of Theorem 1 and the proof of Theorem 2, we
also derive the following result.
Theorem 4. Let E be a reflexive and strictly convex Banach space with a
uniformly Gâteaux differentiable norm. Let Ti :E→ E (i = 1,2, . . . , k) be non-
expansive mappings and {xn} be a sequence in E defined by the iteration (1)
for an arbitrary x0 ∈ E. Suppose that J−1 :E∗ → E is weakly sequentially
continuous at 0. If F(T ) is nonempty, then there exists a point v ∈ F(T ) such
that {xn} converges weakly to v.
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Remark 2. We should mention that Theorems 3 and 4 appear to be independent
of Theorems 1 and 2. In fact, it is easy to find examples of spaces which satisfy
the fixed point property for nonexpansive mappings, which are not strictly convex.
However, it is not known whether a reflexive and strictly convex space satisfies
the fixed point property for nonexpansive mappings.
Remark 3. Theorems 1 and 3 apply to all Lp spaces (1 <p <∞).
Remark 4. Since the duality mapping J in Hilbert space is an identity mapping,
we obtain the weak almost convergence of the iteration (1) by virtue of our results.
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